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Abstract 

In this work, firstly all normal extensions of a multipoint minimal operator generated 
by linear multipoint differential-operator expression for first order in the Hilbert space of 
vector functions in terms of boundary values at the endpoints of the infinitely many separated 
subintervals are described. Finally, a compactness properties of the inverses of such extensions 
has been investigated. 



2010 AMS Subject Classification: 47A05, 47A20 

Keywords: Direct sum of Hilbert spaces and operators; multipoint selfadjoint operator; formally normal 
^ operator; normal operator; extension. 

\o 
t> 

1 Introduction 

in 
o 

It is known that traditional infinite direct sum of Hilbert spaces H n , n > 1 and infinite direct sum 
of operators A n in H n , n>l are defined as 



H = © H n = < u = (u n ) : u n G H n , n > 1 and \\u n \\ 2 H < +oo } , 
I ti " J 

OO 

A = ® A n ,D(A) = {u = (u n ) e H : u n £ D(A n ), n > 1 and Aw = (A n w n ) G i?} . 

n— 1 

A linear space H is a Hilbert space with norm induced by the inner product 

OO 

(u,v) H = ^2 ( u n,v n ) Hn , u,v G H l\. 

n=l 

The general theory of linear closed operators in Hilbert spaces and its applications to physical 
problems have been investigated by many researches (for example, see p], [2]). 

However, many physical problems requires the study of the theory of linear operators in direct 
sums in Hilbert spaces ( for example, see [3]- [5] and references therein). 

We note that a detail analysis of normal subspaces and operators in Hilbert spaces have been 
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studied in [5] (see references in it ). 

This study contains three section except introduction. In section 2, the multipoint minimal 
and maximal operators for the first order differential-operator expression are determined. In sec- 
tion 3, all normal extensions of multipoint formally normal operators are described in terms of 
boundary values in the endpoints of the infinitely many separated subintervals. Finally In section 
4, compactness properties of the inverses of such extensions have been established. 



2 The Minimal and Maximal Operators 

Throughout this work (a n ) and (b n ) will be sequences of real numbers such that 

— oo < a n < b n < a n+1 < ■ ■ ■ < +oo, 
H n is any Hilbert space, A„ = (a n , b n ) . I? n = I? (H n , A„) , L 2 = © L 2 (H n , A„) , n > 1, 

n— 1 

OO CO oo 

sup(b n -a n ) <+oo,Wi = © W\ (H n , A n ) = © Wi{H n ,A n ), H= © H n , cl (T)-closure 

n>l n—1 n—1 n—1 

of the operator T. I (•) is a linear multipoint differential-operator expression for first order in L 2 
in the following form 

I («) = (l n (u n )) (2.1) 

and for each n > 1 

In (U n ) = U' n + A n U n , (2.2) 

where A n : D (A n ) C iJ n — > H n is a linear positive defined selfadjoint operator in H n . 

It is clear that formally adjoint expression to (|2.2[) in the Hilbert space is in the form 

C = -< + 4%, « > !• (2-3) 
We define an operator on the dense manifold of vector functions D' n0 in L 2 n as 

D,' n0 := \u n e L 2 n -u n = J2 <f>kfk, <Pk E C^°(A„), f k £ D(A„),k = 1, 2, • • • , m; m £ n| 

with i' n0 u„ := l n (ti„) ,"->!■ 

Since the operator A n > 0, n > 1, then from the relation 

Un) L 2 > 0, 

it implies that L^ is an accretive in L 2 n , n > 1. Hence the operator L^ has a closure in L^, n > 1. 
The closure d (L' n0 ) of the operator is called the minimal operator generated by differential- 
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operator expression (|2.2[) and is denoted by L n0 in L^, n > 1. The operator L is denned by 
D (L ) := iu = (u„) :u n eD (L n0 ) , n > 1, ||£ n0 u„||i2 < +oo| 

with 

L a u := (L n0 u„) , u<E D (L ) ,L : D (L ) C i 2 -) I 2 

is called a minimal operator ( multipoint ) generated by differential-operator expression (|2.ip in 
Hilbert space L and denoted by L — © L n0 . 

n=l 

In a similar way the minimal operator for twopoints denoted by L^ in L 2 , n > 1 for the 
formally adjoint linear differential-operator expression (|2.3p can be constructed. 
In this case the operator Lq defined by 



D (L+) := I v := (v n ) : v n G D (i+o) , n > 1, ^ H^to^IlL < +°c 



ll^nO^l' 2 

k n=l J 

with Lq « := (L^o« n ) , v & D (Lq) , : D f-^o ) G L 2 — > L 2 is called a minimal operator 
(multipoint) generated by ^ + (u) = (ln(v n )) in the Hilbert space L 2 and denoted by Lq~ = L^ . 

n— 1 

We now state the following relevant result. 
Theorem 2.1. The minimal operators Lq and are densely defined closed operators in L 2 . 

. | . * oo ^ oo 

The following defined operators in L L := (Lq) — © L n and L + := (Lo) = © -^n 

n— 1 n— 1 

are called maximal operators (multipoint) for the differential-operator expression I (•) and l + (•) 
respectively.lt is clear that Lu = (/„ (u„)) , u G D (L), 

D (L) := ju = (u n ) e L 2 : u n e D (L n ) , n > 1 , ^ ||L n u n ||£2 < ooj , 

L+ V = (/+ («„)) , v S £> (L+) , 

D (L+) := = («„) eL 2 :v n eD (L+) , n > 1 , ^ < ooj 

and i C L, 4 C £ + - 

Furthermore, the validity of following proposition is clear. 

Theorem 2.2. The domain of the operators L and io are 

D (L) = {u = (u„) 6 L 2 : (1) for each n > 1 vector function u„ G L 2 , it„ 

is absolutely continuous in interval A„ ; 
(2) l n ( Mn ) G L 2 , n > 1; (3) I («) = (/„ («„)) £ L 2 } 
= {w = (u n ) e L 2 :u n £ D (L n ) , n > 1 and / (it) = (/„ (u n )) G £ 2 } , 

D(L ) = = («n) G D(L) : u n (a n ) = u„ (b n ) = 0, n > 1}. 

Remark 2.3. If A n G B (H) , n > 1 and sup ||A„|| < c < +oo, then for any u = (u n ) G L 2 we 

TI>1 

have (Au) = (A n u n ) G L 2 . 
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Now the following results can be proved . 

o 

Theorem 2.4. If a minimal operator Lo is formally normal in L 2 , then D (Lo) C W\ and 
AD(L ) C L 2 . 

Theorem 2.5. If A X I 2 W\ C Wj, then minimal operator Lo is formally normal in L 2 . 
Proof: In this case from the following relations 

Lq u = L u — 2Au 1 u E D (L ) , 

L a u = L^u + 2Au, u e D (L,£) 

it implies that D (L ) = D (L%). Since D (ij) C D {L* ) = D (L+), it is obtained that D (L ) C 
D(L+). 

On the other hand for any u £ D (L ) 

\\L uf L2 = («' + Au,u' + Au) L2 = \\u'f L2 + [(u',Au) L2 + [Au,u') L2 ] + \\Auf L2 
= \\u'\\ 2 L2 + \\Au\\ 2 L2 

and 

\\L + uf L2 = (-«' + Au, -u' + Au) L2 = \\u'f L2 - [(u', Aw) i2 + (Am, u') l2 ] + ||Au||^ 
= \\u'f L2 + \\Auf L2 . 

Thus, it is established that operator L is formally normal in L 2 . 

Remark 2.6. If A n e B (H) , n > 1 and sup||A„|| < c < +oo, then D(L ) = D { L o) and 

n>l 

i?(i) = Z?(L+). 

Remark 2.7. If AW^ 1 C L 2 , then L> (L ) = D (L+) and D (L) = D (L+). 

3 Description of Normal Extensions of the Minimal Oper- 
ator 

In this section the main purpose is to describe all normal extensions of the minimal operator Lq 
in L 2 in terms in the boundary values of the endpoints of the subintervals . 

First, we will show that there exists normal extension of the minimal operator Lq. Consider 
the following extension of the minimal operator Lo 

Lu := u' + Au, AW\ C W 2 \ 
D [LA = {u = (u n ) e W\ : u n (a n ) = u n (b n ) , n > 1} . 
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Under the condition on the coefficient A we have 

(^Lu, vj ^ = («', v) L 2 + (Au, v) L 2 — (u, v) L 2 + (u, —v + Avj 



L- 



Yj [{u n {K),v n (b n )) Hn - {u n (a n ),v n (a n ))H n ] + (u, -v + Av) L z 
n=l 



From this it is obtained 



L*v := -v' + Av, 
D (1*) = {v = (v„) e W\ : v n (o„) = v n (b n ) , n > l} 



In this case it is clear that D (^Lj = D (^L*^j . On the other hand, since for each u £ D (jLj 



Lu 
L*u 



\\u'\\l 2 + [(u',Au) L2 +(Au,u') L2 } + \\Auf L2 



= \W\\l* ~ [MAv) La + [Au,u') L2 ] + \\Au 



L 2 ' 



and 



(u',Au) L 2 + (Au,u') L 2 = (u,Au) L 2 

oo 

= [(u n (b„),A n u n (b n )) Hn - (u n (a n ),A n u n (a n )) H ,A 

71=1 



Then 



Lu 



L 2 



L*u 



L 2 



for every u G DILI. Consequently, L is a normal extension of the 



minimal operator Lq- 



The following result establishes the relationship between normal extensions of Lq and normal 
extensions of L n o , n > 1 . 

~ oo ■ 

Theorem 3.1. The extension L = © L n of the minimal operator Lq in L is a normal if and 

n=i 

only if for any n > 1, L n is so in L\ . 

Now using the Theorem 3.1 and [TO] we can formulate the following main result of this section, 
where it is given a description of all normal extension of the minimal operator Lq in L 2 in terms 
of boundary values of vector functions at the endpoints of subintervals. 

— oo 

Theorem 3.2. Let A 1/2 W 2 C W\. If L = ® L n is a normal extension of the minimal operator 

n— 1 

Lq in L 2 , then it is generated by differential-operator expression (|2.ip with boundary conditions 



u n {b n ) = W n u n (a n ),u n G D(L n ), 



(3-1) 



where W 7 ^ is a unitary operator in H n and W n A n x = A^Wn^n > 1. The unitary operator 

oo oo — ~ 

W — (B W n in H = is determined uniquely by the extension L, that is L = Ly/- 

n—l n—1 

On the contrary, the restriction of the maximal operator L to the linear manifold u G D{L) 

oo 

satisfying the condition (|3.1j) with any unitary operator W — © W n in ff with property WA~ = 

n—l 

A _1 W is a normal extension of the minimal operator Lq in L 2 . 



5 



4 Some Compactness Properties of The Normal Extensions 



The following two proposition can be easily proved in general case. 

oo oo 

Theorem 4.1. For the point spectrum of A = © A n in the direct sum "K = ® "K n of Hilbert 

n—l n—l 

spaces JC„ , n > 1 t is true that 

oo 

<T p (A) = (J (Tp(An) 
n=l 

oo oo 

Theorem 4.2. Let .A„ G S(JC„),n > 1, A = © A n and 5£ = © 5f„. In order for .A G S(5C) the 

n— 1 n—l 

necessary and sufficient condition is that the sttp||.A n || be finite. In this case ||.A|| = sup||.A n ||. 

n>l n>l 

Let Coo(-) and C p (-),1 < p < oo denote the class of compact operators and the Schatten-von 
Neumann subclasses of compact operators in corresponding spaces respectively. 

Definition 4.3. [IT] Let T be a linear closed and densely defined operator in any Hilbert space 
$). If p(T) ^ and for A G p(T) the resolvent operator R\(T) £ C 00 (Sj), then operator 
T : D{T) C Sj — ► is called an operator with discrete spectrum 



In first note that the following results are true. 

oo oo 

Theorem 4.4. If the operator A = © A n as an operator with discrete spectrum in !K = © !K n , 

n—l n—l 

then for every n > 1 the operator A n is so in JC„. 



Remark 4.5. Unfortunately, the converse of the Theorem 4.4 is not true in general case. 
Indeed, consider the following sequence of operators A n u n = u n ,0 < dimfKn = d n < oo,n > 1. In 
this case for every n > 1 operator A n is an operator with discrete spectrum. But an inverse of the 

oo oo 

direct sum operator A = ® A n is not compact operator in !K = © Jf n , because dim'H — oo and 

n—l n—l 

A is an identity operator in !K. 



Theorem 4.6. If A = © A n ,A n is an operator with discrete spectrum in JC„, n > 1, f] p(A n ) ^ 
n=i n —i 

and lim ||i?^(^l n )|| = 0, then A is an operator with discrete spectrum in r K. 

n— >oo 



oo 

Proof. For each A G |~| /o(^t n ) we have R\(A n ) G C 00 (?£„) ) n > 1. 

n=l 

Now define the following operators % m : J£ — ?> IK, m > 1 as 

3C m := {R\(Ai)ui, R\(A 2 )u2, ■ ■ ■ , R\(A m )u m , 0, 0, . . . },u = (m„) g "K. 
The convergence of the operators % m to the operator % in operator norm will be investigated. 
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For the u — (u n ) e IK we have 

oo oo 

\\X m U-Xu\\ 2 K = Yl II^A(^KIlk< E WMAn)f\\\\u n \\ 2 x n 
n— m+l n—m-\-l 

< ( sup \\R x (A n )\\) £lWlit n = f «*P Pa(^)||) N| 



n>m+l / \n>m+l 



IK 



thus we get ||3C m u — Xu\\ < sup \\R\(A n )\\, m > 1. 

n>m+l 

This means that sequence of operators (X m ) converges in operator norm to the operator X. 
Then by the important theorem of the theory of compact operators it is implies that X G (JC) 
PP, because for any m > 1, 3C m G (^(Jf). 

Finally, using the Theorem 4.6 can be proved the following result. 



Theorem 4.7. If A^ 1 G C 00 (^K n ),n > 1, sup(b n — a n ) < oo and the sequence of first minimal 

n>l 

eigenvalues Ai(A„) of the operators A n , n > 1 is satisfy the condition 

Ai(^ln) — > oo as n — » oo, 
then the extension L = © L„ is an operator with discrete spectrum in L . 

n=l 

oo oo 

Theorem 4.8. Let H — © H n ,A = © A n and A„ £ C p (H n ),n > 1, 1 < p < oo. In order for 

n— 1 n— 1 

oo oo 

A G C P (H) the necessary and sufficient condition is that the series Mfe(^n) be convergent. 

Now we will dedicate an application the last theorem. 

For all n > l,S) n is a Hilbert space, A„ = (a n ,b n ),— oo < a n < b n < a n+ i < ••• < 
oo,A„ : D(A n ) C Sj n ->• fj„,A„ = A* > £,W„ : fj„ ->■ fj„ is unitary operator, A^Wn = 
WnA^ 1 , L Wn u n = u' n + A n u n ,A n Wi(S) n) A n ) c Wi(S) n , A n ), H n = L 2 (Sj n , A„), D(L W J = {u n G 

oo oo OO 

Wi(S) n ,A n ) : u n (b n ) = W n u n {a n )},L Wn : tf„ -> ff„,W = © W„,i w = © L w „,if = © # n 

n=l n—1 n—1 

and ft. = sup(b n — a n ) < oo. 

n>l 

Since for all n > 1 W n is a unitary operator in f)„, then L\y n is normal operator in H n [10] , 
Also for Lh/ : D(Lvr) C i? — > H, the relation LwL^ — L^Lw is true, i.e. Lvk is a normal 
operator in H. It is known that, if A~ x € C p (f)„), for p > 1, then G C p (H n ),p > 1 for 

all n > 1[H3]- On the other hand, if ^4~ x <E C 0o (Sj n ),n > 1, then eigenvalues A 9 (Lvy re ),q > 1 of 
operator Lvf„ is in form 

\ q (L Wn ) = A m (A„) + l — (argX m {W*e^ A ^ b "- a ^) + 2kTr) , m > 1, k € Z, n > 1, 

where g = <?(m, fc) G N, m > 1, k G Z. Therefore we have the following corollary. 
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Theorem 4.9. If A = © A n> f) = © £)„ and A^ 1 e C p / 2 (^),2 < p < oo, then € C P (H). 



Proof. The operator Lyy is a normal in H . Consequently, for the characteristic numbers of normal 
operator an equality n q {L^) —\ \ q (L^) |, q > 1 holds [T]. Now we search for convergence of 
the series Y^qZi f4( L w )> 2 < P < 00 • 



OO OO OO 



EE^(^) EE EK<^ 

n— 1 g— 1 



n— 1 k— — oo m-=l 

OO OO OO 



< E E E A ™ (A 



n— 1 fc— — oo m=l 

OO OO 



< EE( A ".^)) _p/2 + 2 EEE( A ^) 



(6n - a n ) 2 

4fc 2 ^ 2 ^ ~ p/2 
(6« - a„) 2 

OO OO OO 



(S(m,n) + 2kn)' 



-p/2 



n—1 m— 1 



n— 1 fc— 1 m— 1 



4/c 2 7T 



2^2 



-p/2 



where S(m,n) — arg\ m (W*e^ A ™( bn a ™))),n > l,m > 1. Then from the inequality t J^ 2 < | f° r 
all t, s 6 R \ {0} and last equation we have the inequality 



OO OO OO 



EEE [ X rn( A 
n=l k=l m=l 



4fcV 



-p/2 



OO OO 



\n— 1 m— 1 



^m(A n ) 



p/2 



E 

fe=i 



p/2\ 



— /2 

Since A -1 G Cp/ 2 (i5), then the series J2 \^m(A n )\ p/ is convergent. Thns the series 



OO OO OO 



EEE ^ 



n— 1 A;— 1 m— 1 

is also convergent. Then from the relation 



(6« - an) 5 



OO OO 



OO OO 



EEi A ^)r p ^EEi A ™^)i 



-P/2 



n—1 m— 1 



n—1 m=l 
I -P/2 



and the convergence of the series X] \^m{A n )\ p/ we get that the series J2 J2 \^m{A n )\ p 

n—1 m=l n—1 m—1 

oo 

is convergent too. Consequently the series ^(X^),2 < p < oo is convergent and thus € 
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C p (H),2<p< oo. 

The Theorem 4.8 and 4.9. can be can generalized. 
Corollary 4.10. Let for all n > 1 A n G C Pn (H n ),l < p n < oo and p = sup p n < oo. For 



n>l 



A e C P (H) the necessary and sufficient condition is that the series Mfc^n) be convergent. 

n=lfc=i 

Theorem 4.11. If A^ 1 6 C Pn /2(H n ),2 < p n < oo,p — sup p n < oo, then L^, 1 £ C P (H). 



n>l 
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